Abstract. We prove the existence of tilting bundles on global quotient stacks that are produced by compatible finite group actions on flat families.
Introduction
Geometric tilting theory started with the construction of tilting bundles on the projective space by Beilinson [5] . Later Kapranov [27] , [28] , [29] constructed tilting bundles for certain homogeneous spaces. Further examples can be obtained from certain blow ups and taking projective bundles [14] , [15] , [39] . A smooth projective k-scheme admitting a tilting object satisfies very strict conditions, namely its Grothendieck group is a free abelian group of finite rank and the Hodge diamond is concentrated on the diagonal, at least in characteristic zero [12] .
However, it is still an open problem to give a complete classification of smooth projective k-schemes admitting a tilting object. In the case of curves one can prove that a smooth projective algebraic curve has a tilting object if and only if the curve is a onedimensional Brauer-Severi variety. But already for smooth projective algebraic surfaces there is currently no classification of surfaces admitting such a tilting object. It is conjectured that a smooth projective algebraic surface has a tilting bundle if and only if it is rational (see [11] , [19] , [20] , [21] , [22] , [32] and [41] for results in this direction).
In the present work, we will focus on a certain type of a quotient stack and prove the existence of tilting bundles for their derived category. Several examples of stacks admitting a tilting object are known (see [25] , [26] , [30] , [34] , [35] , [37] and [38] ). But as in the case of schemes, one has to settle for existence criteria for stacks admitting a tilting object.
Assume k is an algebraically closed field of characteristic zero. In [36] it is proved a generalization of the main result of [15] . It is the following theorem:
Theorem. ( [36] , Theorem 4.15) Let π : X → Z be a flat proper morphism between smooth projective k-schemes and E1, ..., En a set of locally free sheaves in D b (X) such that for any point z ∈ Z the collection E Our goal is to give an equivariant version of this theorem and in this way to produce a tilting bundle on the quotient stack [X/G]. So assume k is algebraically closed and of characteristic zero. We consider smooth projective k-schemes X and Z with a compatible action of a finite group G and investigate the case of G-morphisms π : X → Z where the underlying morphism of schemes X → Z is flat and proper. We call such morphisms flat G-maps for simplicity. For a smooth projective k-scheme X, denote by CohG(X) the abelian category of equivariant coherent sheaves and by D 
If all indecomposable pairwise non-isomorphic direct summands of T and all Ei are invertible sheaves, we obtain a full strongly exceptional collection. Conventions. Throughout this work k is an algebraically closed field of characteristic zero and all locally free sheaves are assumed to be of finite rank.
Generalities on equivariant derived categories
Let X be a quasiprojective k-scheme and G a finite group acting on X. A G-linearization, also called an equivariant structure, on F is given by isomorphisms λg : F ∼ → g * F for all g ∈ G subject to λ1 = idF and λ gh = h * λg • λ h . In the present work we also call such sheaves equivariant sheaves. Equivariant sheaves are therefore pairs (F, λ), consisting of a sheaf F on X and a choice of an equivariant structure λ.
Remark 2.1. For a definition of linearization in the case where an arbitrary algebraic group acts on an arbitrary scheme we refer to [6] , [16] or [17] .
If (F, λ) and (G, µ) are two equivariant sheaves on X, the vector space Hom(F, G)
The equivariant quasi-coherent respectively coherent sheaves together with G-invariant morphisms HomG(F, G) := Hom(F, G)
G form abelian categories with enough injectives (see [10] , [42] ) which we denote by Qcoh G (X) respectively CohG(X). We put DG(Qcoh(X)) :
. Let X and Y be quasiprojective k-schemes on which the finite group G acts. A Gmorphisms between X and Y is given by a morphism φ :
Then we have the pullback φ * : CohG(Y ) → CohG(X) and the pushforward φ * : CohG(X) → CohG(Y ). The functors φ * and φ * are adjoint; analogously for Lφ * and Rφ * . For (F, λ), (G, µ) ∈ CohG(X) there is a canonical equivariant structure on F ⊗ G coming from the maps λg ⊗ µg (see [6] , Proposition 3.46).
By definition, objects of D b G (X) are bounded complexes of equivariant coherent sheaves. It is clear that each such complex defines an equivariant structure on the corresponding object of D b (X). Now let C be the category of equivariant objects of D b (X), i.e. complexes F
• with isomorphisms λg :
This category is in fact triangulated and it is a natural fact that D b G (X) and C are equivalent (see [13] , Proposition 4.5 or [17] ).
There is also another description of the derived categories needed in the present work. Consider the global quotient stack [X/G], produced by an action of a finite group G on X (see [45] , Example 7.17). The quasi-coherent sheaves on [X/G] are equivalent to equivariant quasi-coherent sheaves on X (see [45] , Example 7.21). Henceforth, the abelian categories Qcoh([X/G]) and Qcoh G (X) are equivalent and therefore give rise to equivalent derived categories DG(Qcoh(X)) ≃ D(Qcoh([X/G])). For any two objects
is the category of finite-dimensional representations. Moreover, for a finite group G, the functor (−)
, the finite group G also acts on the vector space Hom(
The exactness of (−) G also implies the following fact (see [4] , Lemma 2.2.8):
Lemma 2.2. Let X be smooth quasiprojective k-scheme and G a finite group acting on
For F ∈ CohG(X) we therefore have
In Section 4 we also need the Leray spectral sequence: For a G-morphism f : X → Y , the spectral sequence is
Geometric tilting theory
In this section we recall some facts of geometric tilting theory. We first recall the notions of generating and thick subcategories (see [9] , [43] ). We now give the definition of tilting objects (see [12] for a definition of tilting objects in arbitrary triangulated categories). Definition 3.2. Let k be a field, X a quasiprojective k-scheme and G a finite group acting on X. An object T
• ∈ DG(Qcoh(X)) is called tilting object on [X/G] if the following hold:
Below we state the well-known equivariant tilting correspondence (see [10] , Theorem 3.1.1). It is a direct application of a more general result on triangulated categories (see [31] , Theorem 8.5). We denote by Mod(A) the category of right A-modules and by D b (A) the bounded derived category of finitely generated right A-modules. Furthermore, perf(A) ⊂ D(Mod(A)) denotes the full triangulated subcategory of perfect complexes, those quasiisomorphic to a bounded complexes of finitely generated projective right A-modules. 
Remark 3.4. If X is a smooth projective k-scheme and G = 1, the derived category D(Qcoh(X)) is compactly generated and the compact objects are exactly D b (X) (see [9] ). In this case, a compact object T
• generates D(Qcoh(X)) if and only if
is fully faithful (see [24] ), a compact object T
• ∈ D(Qcoh(X)) is a tilting object if and only if
• is a coherent sheaf and gldim(End(T • )) < ∞, the above definition coincides with the definition of a tilting sheaf given in [3] . In this case the tilting object is called tilting sheaf on X. If it is a locally free sheaf we simply say that T is a tilting bundle. Theorem 3.3 then gives the classical tilting correspondence as first proved by Bondal [7] and later extended by Baer [3] .
The next observation shows that in Theorem 3.3 the smoothness of X already implies the finiteness of the global dimension of A. 
Proof. Imitating the proof of Theorem 7.6 in [23] , we argue as follows: For two finitely generated right A-modules M and N , the equivalence ψ := RHomG(
for i ≫ 0, since X is smooth. Indeed, this follows from the local-to-global spectral sequence, Grothendieck vanishing Theorem and Lemma 2.2. As X is projective, A = EndG(T • ) is a finite-dimensional k-algebra and hence a noetherian ring. But for noetherian rings the vanishing of Ext i A (M, N ) for i ≫ 0 for any two finitely generated A-modules M and N suffices to conclude that the global dimension of A has to be finite.
The following fact is folklore. It will be needed in Section 4. Proposition 3.6. Let X be a smooth projective k and T
• a tilting object on X. Then for an invertible sheaf L the object T
• ⊗ L is also a tilting object on X.
In the literature, instead of the tilting object T • one often studies the set E • 1 , ..., E
• n of its indecomposable pairwise non-isomorphic direct summands. There is a special case where all the summands form a so-called full strongly exceptional collection. We recall the definition and follow here [40] .
Definition 3.7. Let X and G be as in Definition 3.2. An object
The exceptional collection is called strongly exceptional if in addition HomG(E (see [24] , Example 1.60).
Exceptional collections and semiorthogonal decompositions were intensively studied and we know quite a lot of examples of schemes admitting full exceptional collections or semiorthogonal decompositions. For an overview we refer to [8] and [33] .
Equivariant derived category of flat families
Let X and Z be smooth projective k-schemes on which a finite group G acts. In the sequel we consider G-morphisms π : X → Z where the underlying morphism of schemes X → Z is flat and proper. Such morphisms we simply call flat G-maps.
We state some preliminary facts. 
for s = 0 and q < p π * (Eq ⊗ E ∨ p ) for s = 0 and q ≥ p Proof. If π : X → Z is a locally trivial fibration with typical fiber F and E1, ..., En are invertible sheaves this is exactly the claim of [15] , p.430. As π : X → Z is flat and proper, flat base change holds (see [24] , (3.18) ). Carrying out the same arguments as in the proof of the claim of [15] , p.430, we see that the above statement also holds for π : X → Z flat and proper and E1, ..., En being arbitrary locally free sheaves. Proof. Let L be an ample invertible sheaf on X, then g * L is ample for any g ∈ G. Now the tensor product g∈G g * L is ample and has a natural equivariant structure λ. Take (N , λ) = ( g∈G g * L, λ). 
Proof. In [44] , Theorem 3.1 it is proved that the functor π 
Note that the compact objects of D(Qcoh(X)) are all of D b (X) (see [9] ). The rest follows from Theorem 3.1 as
To prove Theorem 4.5 below, we apply the following result that we only cite (see [35] , Theorem 4.1 and 4.2) Theorem 4.4. Let X be a smooth projective k-scheme and G a finite group acting on X. Suppose there is a T
• ∈ DG(Qcoh(X)) which, considered as an object in D(Qcoh(X)), is a tilting object on X.
be the regular representation of G, then 
Proof. Below we show that there exists an equivariant ample sheaf M on Z such that (
is a compact object of DG(Qcoh(X)). To apply Theorem 4.4, we only have to show that (
is a tilting bundle on X that in addition admits an equivariant structure. For this, we take an equivariant ample sheaf N on Z. Such a N exists according to Lemma 4.2. Now let M = N ⊗m for m ≫ 0. So we have to find a natural number m ≫ 0 such that
But this is equivalent to
Applying the Leray spectral sequence (1) to the morphism π : X → Z, we obtain
. With the projection formula we find
Now from Lemma 4.1 we know that R s π * (Ej ⊗ E ∨ i ) is non-vanishing only for s = 0 and j ≥ i and that in this case we have
Therefore we find
for l > 0 by above spectral sequence. It remains the case j ≥ i. For j = i we have [44] , p.5 right after (3.10)). Hence
for r > 0, as T is a tilting bundle on Z. From the above spectral sequence we conclude
for l > 0. Finally, it remains the case j > i. Again we consider the above spectral sequence and notice that it becomes
Since there are only finitely many Ei and Z is projective, we can choose the natural number m ≫ 0 such that for M = N ⊗m we get from the ampleness
This finally yields
and therefore
Thus the Ext vanishing holds. The generating property of
By assumption, T is a tilting bundle on Z. Now Proposition 3.6 shows that T ⊗ M ⊗i is a tilting bundle on Z for all i ∈ Z. In particular, T ⊗M ⊗i generates D(Qcoh(Z)) and thus Example 4.6. Let Z be a smooth projective k-scheme on which a finite group G acts. Suppose T ∈ CohG(Z), considered as an object in Coh(Z), is a tilting bundle on Z. Now let E be an equivariant locally free sheaf of rank r on Z. Then π : P(E ) → Z is a flat G-map. As G acts naturally on P(E ), the sheaves OE , OE (1), ..., OE (r − 1) are objects of CohG(P(E )). It can be shown that their restriction to any fiber π −1 (z), z ∈ Z, is a full strongly exceptional collection. Essentially, this follows from [18] , Exercise 8.4 and [5] . Theorem 4.5 now states that there exists an equivariant ample sheaf M on Z such that (
is a tilting bundle on [P(E )/G]. Note that this is proved in [35] in a direct way.
The following fact is well known. For convenience of the reader, we give a proof. Note that for each Li we have HomG(Li, Li) = k. So, according to Definition 3.7, we only need to see that we can order the summands Li in such a way that HomG(Lr, Ls) = 0 for any 1 ≤ s < r ≤ n. Since HomG(Li, Li) = k, then for any 1 ≤ i, j ≤ n either HomG(Lj, Li) = 0 or HomG(Li, Lj) = 0. Thus, the set L1, ..., Ln can be ordered in such a way that the reordered set becomes a full strongly exceptional collection. Proof. We have canonical isomorphisms
From Schur's Lemma and the fact that E1, ..., En, considered as a set of objects in Proof. By assumption T is a tilting bundle on Z whose indecomposable pairwise nonisomorphic direct summands L1, ..., Lm are invertible sheaves. Proposition 4.7 ensures that the set L1, ..., Lm can be reordered in such a way that the reordered set forms a full strongly exceptional collection. Let us denote this full strongly exceptional collection by L 
